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Abstract
In this paper, we introduce a new method for compactification of a topological
space by order topology and through ordinal numbers. The idea behind our
approach originates from the definition of a limit point, and then we try to
find an intuition for this concept. Finally, we utilise the Homotopy concept for
separation Axiom.
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1. Introduction
In this paper, we introduce a new method for compactification of a topologi-
cal space by order topology and through ordinal numbers. The idea behind our
way originates from the definition of a limit point, and then we try to find an
intuition for this concept. Finally, we utilise the Homotopy concept for sepera-
tion Axiom. This paper is organised into four chapters. In the first chapter, we
explain that the behaviour of limit points resembles a black hole in the branch
of physics. In the second chapter, we introduce our method of compactification
in four steps and with five standard shapes. In the third chapetr, with the help
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of homotopy theory, we explain the separation axiom for our approach. In the
final chapter, we compare our method with other methods of compactification,
such as one-point compactification and stone-Cech compactification.
2. Chapter one
Definition 2.1 (limit point). Let A be a subset of a topological space W. A
point w in W is a limit point of A if every neighbourhood of w contains at least
one point of A different than w.
remark 2.1. A very prominent point in here is that when w doesn’t have to be
an element of A, in order to be a limit point of A and when a limit point exists
of the set of A we have no problem.
When w belongs to A a serious question will be raised here ” How is it
possible to imagine every neighbourhood of w in the A doesn’t have to contain
w while w is a member of A. Our idea for answering this question is that if we
think of this point as a hole in the space then the problem of imagining a limit
inside the set Of A will be resolved
Definition 2.2. Let A be a subset of W a point w ∈ W¯ is a limit (accumulation)
point of A if every neighbourhood of w contains at least one point of A different
from w itself.
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remark 2.2. Another concerning question is raised here is that in the second
definition of limit point it is mentioned that if accumulation point w exists
outside the set for every neighbourhood of w contains at least one point of
A different from w itself but the issue in here is that we cannot imagine this
point because for every neighbourhood of limit point w like V1 that V1 ∩ A 6=
∅ we can find a neighbourhood like V−∞ such that V−∞A = ∅ because the
existence of distance between accumulation point w and subset A is continual.
To address this issue, we can think of limit point as a black hole in the space,
and this point attracts subset A toward itself hence we can imagine that for
every neighbourhood of limit point w like Vi, (i = 1 to i = −∞)we have
Vi ∩A 6= ∅
remark 2.3. Another reason for this interpretation of accumulation point is
one-point compactification of the real line into a circle with one missing point
infinity
This illustration is a clear example for illumination our idea for thinking of
accumulation point as a black hole in which the point at infinity attracts both
ends of the real line toward itself, and then a circle is formed.
remark 2.4. Based on the connection we found between black hole and limit-
points we have three following properties
(a) Limit-point is a hole in space.
3
(b) Limit-points attracts sets in the space toward itself.
(c) Limit points first draws each other, then bend their surrounding space
3. Chapter 2
I this chapter we are going to explain our compactification method in four
steps.
3.1. Step 1
Let suppose that W is a compact space and there is a subset of it which we
called it A, and We want to embed this subset as dense subset of W in which∞
is an accumulation point of A. We will show that A¯ = W . In this situation, we
know that every point like w in W either belongs to A or is a limit point of A.
The first condition is satisfied(If Space A doesn’t contain all point of W other
thank limit points Then we cannot compactify A) and for the second condition
we must do the following steps to get close to the limit point infinity of the
compact space W.
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3.2. Step 2
In this step we are going to crash the space A. In order to acheive this
purpose we know that we can put discrete or indiscrete topology on every set
then we define an induction topology function:
Ci : A→ {τi}
Ci(A) = τi
such that C0(A) = τ0(trivial topology) and C1(A) = τ1(discrete topology),
i ∈ I = [0, 1], τi (set of all topologies on the set A)
τ1 τ0 τi
τi A τi
τi τi τi
Ci
C0
Ci
Ci
C1
Ci ci
Ci
Remark: Function Ci is continuous because at every moment in I for A as
an object we have one topology as another object then based of the definition of
continuity in topological space, This function is continuous. Now, we can make
a discrete space of A by continuous function Ci in the process of converting
topologies on the subset A from trivial to the discrete topology in which every
point is isolated or as a clopen set.
3.3. Step 3
In this step want to show that G ∩ A 6= ∅ to achieve this purpose we apply
the ordinal topology with the help of ordinal numbers to space the A so that
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it will become approximately close to the accumulation point ∞. By applying
the map O on the point of discrete space A
O : [0, ω)→ τA1
we obtain a ordinal-indexed sequence of point with discrete order topology over
them in order to become close to the ∞.
3.4. Step 4
This is the final phase of the process of turning subset A into a dense subset
of W. In regard with previous chapters limit pint∞ acts like a black hole and it
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draws members of to itself and then ordinal space [0, ω) will turn into a compact
and bounded space [0,∞ω] such that ω =∞ω.
4. Chapter 3
After introducing our method of compactification with the help of ordinal
numbers and limit points acting as a black hole, we define this method of com-
pactification for all separation axiom. So we set a homotopy between continuous
functions of Ci such that Ci : A→ τi and then we have
H : A× I → τi
such that H(A, 0) = τ0 (trivial topology) H(A, 1) = τ1 (indiscrete topology)
remark 4.1. Structure I: The set of all topologies on set A together with par-
tially ordering relation ⊆ forms a complete lattice and also bounded lattice that
we can consider trivial topology as the least element and discrete topology as
greatest element this algebraic structure of topology have the form (I,∧,∨, 0, , 1)
such that O is a trivial topology, and 1 is discrete topology.
Hence every discrete topological space satisfies each of the separation axioms,
and every indiscrete topological doesn’t fill any of the separation axioms then
topologies on every set have a direct relation with the separation axiom. We
will make a connection between all of the topology on the subset A through
homotopy, and then we explain all separation axion in regard with our method
of compactification.
We divide the process of separation into six tens interval in I and also this
process can be divided into more interval for other separation axioms.
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H(A, i) =

τ0(trivial topology, have no separation axiom)i = 0 (1)
τi(some topologies satiesfies T0 axiom )0 < i 6
1
6
(2)
τi(some topologies satiesfies T1 axiom )
1
6
< i 6 2
6
(3)
τi(some topologies satiesfies T2 axiom )
2
6
< i 6 3
6
(4)
τi(some topologies satiesfies T3 axiom )
3
6
< i 6 4
6
(5)
τi(some topologies satiesfies T4 axiom )
4
6
< i 6 5
6
(6)
τi(discrete topoloy satisfies T0, ..., T4 )
5
6
< i 6 1 (7)
In consequence, based on the last step i = 1 we have a discrete topology that
satisfies all of the separation axioms so that we can use this method for all
spaces with every separation axioms.
5. Chapter 4
In this chapter, we compare our method of compactification with other well-
known methods of compactification.
5.1. One-point compactification
When ω = ∞ω the space A based on [0, ω) is just N with the usual order
topology after using order topology compactification, we have [0,∞ω] which is
one-point compactification of N.
5.2. Stone-Cech compactification
[0, ω) [0,∞ω]
R
c([0,ω))
C([0,∞ω])
C([0, ω)): Real valued continuous functions from topological space [0, ω) to
Real line.
C([0,∞ω]): Real Valued continuous function from compact Hausdorf space
[0,∞ω] to the real line.
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At i = 0 (trivial topology) we have no separation axiom then any continuous
function from [0, ω) to R is eventually constant, the Stone-Cech compactification
of ω is [0,∞ω].
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